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We develop canonical perturbation theory for a physically interesting class of
infinite-dimensional systems. We prove stability up to exponentially large times
for dynamical situations characterized by a finite number of frequencies. An
application to two model problems is also made. For an arbitrarily large FPU-
like system with alternate light and heavy masses we prove that the exchange of
energy between the optical and the acoustical modes is frozen up to exponen-
tially large times, provided the total energy is small enough. For an infinite
chain of weakly coupled rotators we prove exponential stability for two kinds
of initial data: (a) states with a finite number of excited rotators, and (b) states
with the left part of the chain uniformly excited and the right part at rest.

KEY WORDS: Hamiltonian systems; infinite dimensional systems;
Nekhoroshev theory; perturbation theory.

1. INTRODUCTION

The problem of stability in near to integrable Hamiltonian systems has
been recently investigated by several authors in the light of both the KAM
and Nekhoroshev theorems. The theory is now quite well developed for
systems with a finite number of degrees of freedom. For infinite systems
only few results have been obtained, mainly in connection with KAM
theory"® (see also ref. 7), while the extension of Nekhoroshev-like results
has been less considered®® (see also ref. 10). The aim of the present paper
is to extend Nekhoroshev-type results to infinite systems, the unperturbed
motion of which has only a finite number of frequencies. The possibility of
a complete extension of the Nekhoroshev theorem to infinite systems is still
an open problem.
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We prove a general theorem that we apply to two well-known models
which have been extensively investigated and have some physical interest.
The first one is a modification of the standard Fermi-Pasta—Ulam system,;
precisely, we consider, as in the FPU system, a one-dimensional chain of
point masses interacting through nonlinear springs, but with alternate light
and heavy masses. The second model is a system of weakly coupled
rotators.(ll,lZ,Z,13,14,1)

The modified FPU model has been numerically investigated in ref. 15.
The spectrum of the system splits into two well-separated branches, usually
called the acoustical one (low frequencies) and the optical one (high
frequencies). The separation between the two branches increases with the
ratio m,/m; of the heavy to the light masses; correspondingly, the whole
system can be considered as composed of two separate subsystems with a
small coupling provided by the nonlinearity of the springs. The relevant
phenomenon observed in the paper quoted above is the following: if one
starts with some energy concentrated in the acoustic branch, then only a
small amouont of energy flows to the optical modes, up to a time exponen-
tially increasing with the ratio of the frequencies. For a finite number » of
degrees of freedom, such a result could be expected on the basis of a
theorem proved in ref. 16, but there remains the problem that the analytical
estimates of the constants of that theorem do not guarantee that the
phenomenon persists when #— 0. On the other hand, the numerical
computations suggest that the phenomenon might be independent of »
when the specific energy is fixed. In the present paper we prove that the
phenomenon persists in the limit # — oo, but with the restriction that the
total (and not the specific) energy be fixed. In our opinion, the gap between
the numerical indication (fixed specific energy) and the present theorem
(fixed total energy) can hardly be filled on a purely dynamical basis, but
requires perhaps the use of a statistical argument: we shall come back to
this point later. We point out that our approach differs from Nekhoroshev’s
in that we do not try to prove that the single action variables of the system
are frozen: such a result would be impossible, due to the fact that the
optical modes form an aimost completely resonant system. Instead, we only
bound the exchange of energy between the two subsystems of the optical
and of the acoustical modes.

Concerning the system of rotators, we consider a chain with a long-
range interaction. We prove that the theorem of Nekhoroshev, ensuring the
freezing of the action of each rotator, can be extended to an infinite chain
provided one considers the particular class of initial conditions which
correspond to the so-called localized states. Precisely, we consider initial
conditions close to a state in which only a finite number of rotators have
a nonvanishing action, and prove that such states are stable up to times
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which increase exponentially with a power of the inverse of the size of the
perturbation.

As a matter of fact, we deduce all these results from a general formula-
tion of a Nekhoroshev-like theory for infinite systems, which, by the way,
is completely coordinate independent. Let us explain in a few words the
key points of our theory. In extending a Nekhoroshev-type theory to
infinite systems one has usually to tackle two main difficulties: on the one
hand, one has to build up algebraic and analytical tools, like function
spaces, norms, and so on, which are needed to produce estimates; on the
other hand, one is confronted with the difficulty due to the presence of an
infinite number of frequencies.

We solve the first problem by introducing an abstract scheme which
allows us to develop a normal form theory for Hamiltonians defined on a
generic Banach space, obtaining in particular estimates independent of the
dimension of the space.

The difficulty connected with the infinite number of frequencies is
instead much harder, because the usual diophantine estimates contain a
very strong dependence on the dimension of the space. In ref 1 this
difficulty was overcome by assuming a strong decay of the interactions,
which allowed a weaker formulation of the diophantine conditions. Here,
instead, we restrict our attention to particular states of the system, roughly
characterized by the fact that only a finite number of frequencies is actually
relevant. More precisely, the general abstract theorem we prove is con-
cerned only with the neighborhood of a periodic orbit, so that we do not
need diophantine-like conditions at all. This constitutes the so-called
analytic part of Nekhoroshev’s theorem and is actually enough for the
application to the FPU-like system. The case of rotators requires also the
so-called geometric part of the Nekhoroshev theorem. Here, we exploit the
idea of Lochak” that, in finite dimensions, all the frequencies are close,
in some sense, to a complete resonance. In the case of an infinite system
this is no longer true in a global sense, but holds for any state in which all
rotators but a finite number are initially at rest; thus, Nekhoroshev’s result
can be extended to a suitable neighborhood of such localized states.

The paper is organized as follows. In Section 2 we recall the FPU-type
model and formulate our result for such a system. In Section 3 we do the
same for the model of rotators. In Section 4 we state our general results in
abstract form. Section 5 contains the proof of the abstract theorems.
Section 6 contains the proof of the result on the FPU-type model, deducing
it from the abstract theory. Section 7 contains the proof of the analytic part
of the theorem for the system of rotators. The geometric part for the same
model is isolated in Section 8, because it is given in a general form,
essentially independent of the specific model considered here.
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2. FREEZING OF HIGH FREQUENCIES IN AN FPU-TYPE
MODEL

We consider a one-dimensional chain of an even number of particles
interacting through anharmonic springs; the ends of the chain are fixed.
The Hamiltonian of the system is

n n+1 n+1

2 1
H(y, x):lezlrngjz kGG =% 1+ ¥ o0y—x 1) (1)

j=1 j=1

where y;, x; are conjugate variables representing, respectively, the momen-
tum and the position of the particles, ¢: R — R is an analytic function with
@(0)=¢'(0)=0"(0)=0 (primes denote differentiation), k is a positve
constant, and m; are the masses of the particles. The condition of fixed ends
is xg=x,.;=0. As a variant to the original FPU model, we consider the
case in which the masses of the particles are alternate and very different:

m1<1
m=m,,, —<
ST m,

It is well known that this leads to a frequency spectrum (of the linear part
of the system) with two disjoint branches. In fact, the spectrum is given by

my + my + (m3 + m3 + 2m;m, cos 28,)"/?

ny hiy

(F) =k

(2.2)

where

il n
= I1<i< 2.3
b n+1 ) (23)
Here and below, we use superscripts minus and plus to denote quantities
referring to the acoustical and optical branches, respectively. Thus, we have
a set of low frequencies w™ =(w',.., ®,,) ranging from zero to ,,,
given by
k
(@ma)? =2
m,
and a set of high frequencies w* = (@' ,..., ®,},) ranging from w f;, to o5,
given by

1 1
(a)+ 2=2l€_’ (w;ax2=2k(_+—)
m

min
1 m; M,
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The relevant fact here is that the ratio w), /o, of the lowest optical
frequency to the highest acoustic one increases with the ratio m,/m,, so
that it turns out to be very large in the case m, < m,; at the same time, the
ratio (w5, — o, )/ok, goes to zero, so that the optical branch tends to
be completely resonant.

The first step consists in introducing normal modes for the quadratic
part of the Hamiltonian. The coordinate transformation to normal modes
is given by

n/2 2k 1/2
gl(nm”(mc mwﬂ) leos A

Sin(jﬁl) qi
[m?2 4+ m3 + 2m, m, cos(2,)]4

(2.4)

Here, the label 4+ under the sum means that the sum has to be extended
to both the acoustical variables ¢~ and the optical ones ¢*. The coor-
dinate transformation has to be completed to a canonical transformation
(p, g)— (p, x) in the obvious way. In the new variables H can be written
in the form

H(p,q)=h " (p™,q7)+h"(p*,q" )+ Hyeulq)

where
n/2
h=(p*,q*) =) 3(p 7+ 0ifq?) (2.5)
/=1
are the acoustic (4~) and the optical (A7) harmonic energies, while
H,..(q) is a complicated function of ¢ providing the interaction between
the two subsystems; the form of this function is not essential here.
We also introduce the mean (quadratic) value of the frequencies of the
optical branch, defined by

w? :=( max)” F (Dmin —k<i+—1—) (2.6)

2 m, m,

We point out that, although we have written a Hamiltonian function
for a system with a finite number » of degrees of freedom, all the operations
performed so far are meaningful also in the case n= co; more details on
this limit will be given in the technical Section 6.

" As explained in the Introduction, our aim is to bound the exchange of
energy between the optic and acoustic branches. The corresponding result
is stated in the following theorem.
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Theorem 2.1. Consider the Cauchy problem for the Hamiltonian
system (2.1) with initial data (p°, ¢°). Assume that the function ¢ can be
extended to a complex analytic function on a complex sphere of radius p,,
around the origin, for some positive p,, and that there exists a positive
‘constant ¥ such that

lp() <3 TIxI%  lo'(x)I<T|xI%  VYxeC with |x[<p, (27)

Define the total harmonic energy &, of the initial datum as

n/2

S =Y s[(P?*)*+ (@i )V (q7*)*]
=1

H+

and the (dimensionless) parameter p as
Py § 0 D max
pi=3% F/—Z\/Eﬁz e (2.8)

where o is given by (2.6). If u <1, and if

26\ 12
() <e (29)

then one has the estimate

[h™ (1) —h™(0)] _
& =

with 2% given by (2.5), for all times ¢ with

1 1
[t <—exp| =
op Iz

Let us add a few comments. In plain words, the result is the following:
if the total energy of the initial datum is small and if the ratio w/w_,,
is large, then the exchange of energy between the optical and acoustical
branches is small compared to their total energy, up to a time growing
exponentially with the inverse of the perturbation parameter u. Now, as it
stands, the result looks meaningless in the thermodynamic limit, where one
should be able to consider a fixed specific energy, instead of the total one;
furthermore, we point out that we cannot control the energy of each mode,
either acoustic or optical, but only the exchange of energy between the two
subsystems. Concerning the second point, we remark that both subsystems
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become strongly resonant in the limit #n — oo; morecover, the optical fre-
quencies tend to become equal for u — 0. Thus, one cannot expect that the
harmonic energies of the single modes are conserved, and in particular the
internal sharing of the energy of the optical subsystem cannot be bounded:
this was put into evidence by numerical simulations in ref. 15. Concerning
the first point, namely whether one has a similar freezing for fixed specific
energy, the problem is the following: the control of the sharing of energy
depends on the maximal energy that can be concentrated on a single
particle of the system; thus, by dynamical considerations one cannot
exclude a priori that all the available energy can concentrate on a single
particle for a long time, so that our result could hardly be improved. We
believe that such a situation could possibly be excluded on the basis of
statistical considerations.

3. STABILITY OF LOCALIZED STATES IN A SYSTEM OF
WEAKLY COUPLED ROTATORS

We consider an infinite chain of weakly coupled identical rotators, and
study the stability of states in which only a finite number of rotators is
excited.

As a general model we consider the case of long-range interaction
among the rotators, as described by the Hamiltonian

H(J, §):= Z 21

leZ leZ
[#j

—cos(¢;— ¢;) 1, a>1 (3.1)

where J, ¢ are canonically conjugate variables, I is the momentum of
inertia of each rotator, and ¢ is a small parameter with the dimension of an
energy.

A simpler model, considered by many authors, is that of rotators with
a finite-range interaction, in particular limited only to first neighbors. The
Hamiltonian in such a case is

2

WP =T Ste T [ —cosid—dy 1) (32)

leZ leZ

As said in the Introduction, our aim is to prove that, if we consider
initial data with finite total energy, and with the additional hypothesis that
only a finite number of rotators have angular momentum significantly
different from zero, then such a situation changes only a little, up to times
growing exponentially with the inverse of the size of the perturbation.

To prove our result, we need a suitable Hamiltonian framework for
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our infinite system. In fact, the two different models require a different
framework with regard to the characterization of the phase space. In
particular, this makes all the technical estimates quite complicated for the
long-range case with respect to the finite-range one. In view of this fact,
and to avoid unnecessary technicalities, we give a complete discussion of
the finite-range case. At the end of the section we also include a brief
discussion of the long-range model. Proving the results for the latter case
is just a matter of applying again the same scheme as for the finite range:
this just requires more time to work out all the estimates.

We give now the definitions of the phase space and of the symplectic
form for the finite-range case.

The phase space # is defined as

P:=1*x A5 (J, §) (3.3)

where /2 is the space of square summable sequences, and A4 is the space of
the sequences ¢ = {¢,} such that

Z (pr—¢1_1)* <0

leZ

The space £ coincides in fact with the set of states with finite energy. With
this definition, the Hamiltonian (3.2) turns out to be analytic on #2 (see
Section 7). If (J, ¢) € 2 is a point of the phase space, we define its norm by

I %=y 'J’i

leZ

= teé Z (151—1|2‘+‘28|¢0|2 (34)

On the phase space we define the symplectic form Q in the natural way,
namely by

QAU ) (T o))=Y Jibi =i (3.5)

leZ

We remark that the symplectic form is not defined on the whole £, but
only on a subspace of it. Actually, this is enough for our purposes because
we can extend the usual methods of Hamiltonian mechanics to such a
situation: the details can be found in Section 4.

To state our theorem we also need to introduce a quantity which
measures, in a suitable sense, the distance between two states. The problem
is that the distance induced by the norm above is too strong, because it
does not take into account the fact that the ¢’s are angles. For instances,
I(J, )|l = C means that the differences between nearby angles are bounded;
this is clearly incompatible with the dynamics, since at least some (a finite



Infinite-Dimensional Hamiltonian Systems 577

number) of the angles should be allowed to rotate freely with respect to
their neighbors. Indeed, this happens already in the case ¢ =0. In order to
consider also these cases, we take as a natural substitute of the norm the
energy of the system, the function A%(J, ¢) defined by (3.2). Remark indeed
that the condition h%(J, ¢) < C with C > 2¢ allows the difference between a
finite number of nearby angles to be arbitrarily large. As a norm induces
a distance, our substitute of the norm induces a substitute of the distance,
namely the function

hR((‘L ¢)_(J15 ¢1))
—y YIS (i —cosLigi— D - (01— 6101}

leZ 21 leZ

Besides the remark above, we stress that although this function does not
satisfy the formal properties of a distance, it gives a good characterization
of close states; indeed, if the value of the function is zero for two given
states (J, ¢) and (J', ¢'), then all the corresponding actions coincide.

We give now a formal statement of our result.

Theorem 3.1. Consider the Cauchy problem for the Hamiltonian
system (3.2) in the phase space (3.3). Considering a finite set of indices S
with cardinality n, take any sequence J= {J,},., with support S, and
denote by # the maximal frequency corresponding to J, namely

7 :=max {jl
T es |1

Define also the dimensionless parameter g by

g \172
~(3)

Then there exist positive constants g, and C,, depending on n but inde-
pendent of all the parameters of #® and of all properties of J, such that the
following holds true: if

A<py
then, for all initial data (J°, ¢°)€ 2 close enough to J, precisely satisfying
RR((J°, ¢°)—(J, 0)) < gn’e (3.6)

one has that the corresponding solution (J(z), #(¢}) exists and remains
close of J, and precisely satisfies

RE((J(1), ()~ (J, 0)) < C, I
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>l/n

C,=313n

for all times ¢ with

1<

= I;;

oo
ex
48ev./n P

Possible values of p, and C, are

1
He = T3y

We remark that the class of initial data allowed by (3.6) contains
states with angles asymptotically well aligned.

As outlined in the Introduction, we prove this theorem by using the
rational approximation technique introduced by Lochak. According to this
technique, we prove a stability theorem, in Nekhoroshev’s sense, for a
neighborhood of a periodic orbit, and then use a number-theoretic argu-
ment to extend the result to the whole phase space in the case of a finite-
dimensional system, and to suitable neighborhoods of localized states in
the case on an infinite system. The local result concerning a neighborhood
of a periodic orbit of the unperturbed system is given by the following
theorem; its proof is in fact the main step we need in order to prove
Theorem 3.1.

Theorem 3.2. Consider the Cauchy problem for the dynamical system
with Hamiltonian

HLG =Y ot Y 2re Y [—cosd—¢)]  (37)

leZ leZ 21 leZ

Assume that w = {®,},., is completely resonant, i.., there exist ve R and
{k,},c€ Z*\{0} such that

CUI = k]V
Denote by S* the set

S* ={iel:w,#w, }

and assume that its cardinality is finite and equal to »*. For any initial
datum {, = (J°, ¢°) e 2, define

f :=max {2 [};R(J_‘Zqﬁ“’_))]l/z, 12n*} (3.8)
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where A% is again the function defined in (3.2); define also

1/2
§o= 2533(ﬁ+n*)<%> (3.9)
If

p<t (3.10)

then the solution (J(z), #(¢)) of the Cauchy problem exists, and one has

hE(J(1), $(1)) < B° (3.11)

NSNS

for all times ¢ satisfying

FP (l
S12e o] 7P \u
where

12
60 :=<4|w0|2+ ¥ |w,~—wj4|2>

jeSs*

The Hamiltonian (3.7) is nothing but (3.2) expanded around the point
J=1Iw. We point out that the theorem covers also cases of infinite initial
energy; for instance, it covers the case of a left chain with initial data w,=v
for /<0 interfaced with a right chain with initial data w,=0 for />0, with
nonvanishing specific energy. The reduction to the case of finite energy
considered in Theorem 3.1 is due to the application of the number-theoretic
result referred to above.

Before closing this section, we indicate how to modify the definition of
the phase space in order to deal with the long-range case. The whole game
is based on the introduction of a suitable norm, in such a way that the
phase space is as large as possible, and the Hamiltonian (3.1) is analytic.
To start with, we consider only the angle variables, and introduce the
family of functions {}¢| >, ,, depending on a positive integer parameter £,

U Dkw = (}Z{ﬁ |¢/—¢1lk)1/k

With this, we introduce the further function

(181 o,z = Sup<ig| D,
k=2
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We shall denote by 4%* the set of infinite sequences ¢ = {¢,},. such that
{|@] ) w,« < 0. Now we define the phase space # as the set of the sequences

(J,p)el>x 4°"

equipped with the norm

J? 1
LaNs =) L+ 2+ 2e|gol?
I, )5 IEZZ 57 T35 818105 o+ 22100

With these definitions, Theorem 3.1 can be proved, with slightly different
numerical constants. Similarly, a result of the kind of Theorem 3.2, with a
restriction to states of finite energy, can be proved. In particular, we are
still unable to extend the result to cases of initial data with infinite energy.
The proof is essentially the same as in the case of finite range; one has just
to add the proof that the space /? is continuously embedded in 4**.

4. ABSTRACT PERTURBATION THEORY

In this section we adapt the usual symplectic formalism for infinite-
dimensional spaces, in order to obtain a framework suitable for perturba-
tion theory. Then we develop a perturbation scheme leading to a general
normal form theorem. Precisely, we shall concentrate on three points:
(1) the extension of the usual methods of Hamiltonian mechanics in order
to be able to handle our model problems; (ii) the introduction of suitable
domains, which are needed for quantitative perturbation theory; and
(iii) the characterization of the general class of Hamiltonians we can deal
with.

Concerning the symplectic space, we make a construction which differs
a little from the usual ones (as common references see, for example, refs. 18
and 19). In fact, we follow here an approach that we consider more suitable
for perturbation theory, almost in the same spirit of the work of Kuksin');
actually, our scheme is more general: besides our system of rotators, it also
allows one to deal, e.g., with the wave equation in unbounded domains
in R™

Consider a Banach space #, and assume we are given a bilinear
skew-symmetric form 2 on a domain D(Q) < 2 x 2. We assume moreover
that there exists a linear subspace %, = 2 with the following properties:

(2) D(Q) contains %,x#, and £(x,-) is a continuous linear
functional on £ for all xe%,.

(B) Q is nondegenerate on 2 x%,, namely, if yeZ is such that
Q(x, y)=0 Vxe%,, then one has y=0.
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We shall call (2, %,, 2) a symplectic space. For the functional Q(x, -) we
shall also use the standard notation of interior product: x _|Q :=Q(x, -).
We consider the following norm on %,:

X[l 5 := Sup |L(x, y)]

Iylle=1

which is well defined by axiom («), and is a norm by virtue of the axiom
(B); then, we complete %, with respect to this norm, thus obtaining a
Banach space that we shall denote by #. Notice that, by axiom («), £ can
be extended to a continuous bilinear functional on # x Z.

The usual definition of canonical transformation can be generalized to
the present case: a differentiable map 7 : 2 — 2 is said to be canonical in
case (i) the differential 77'({) satisfies 7' ({ (PN F)=P N F for all (e 2,
and (i) Q7 '(O)x, T'({)y)=8(x,y) for all xe ? and all ye P " F.

We introduce now the definition of symplectic gradient (or Hamiltonian
vector field). We shall consider two different cases, which cover all the
situations we shall encounter. As a first case we consider a function f:
2 — R which is of class C'; in this case we define its symplectic gradient
Ve P > F by

QVEf(0), x)=df(()x, Vxe2

provided it exists. As a second case we consider a linear function g: # o
D(g)— R, and assume that its domain D(g) contains %,; then we define
V?ge 2 U F as the constant function satisfying

Q(Vg ,x)=g(x), Vxe(go

provided it exists. The symplectic gradient of a function f at x will also be
denoted by X (x) (=Vf(x)).

Finally, we introduce the Poisson bracket. We consider a function
f€CH) and a function g with the property that V?g exists and satisfies
V@g: P — P; the Poisson bracket { f,g}({) is defined by

{£.830):=1"(0) V() (4.1)

where f(x) is the differential of /" at x (we shall use the symbol d only for
the operator of exterior differentiation acting on forms). We remark that
the definition can be applied also to the case fe CY(#, &) with & a
generic Banach space, because the Poisson bracket is in fact the Lie
derivative of f with respect to the Hamiltonian vector field V9g. We shall
make use of this extension.

In order to better illustrate our scheme, let us now add a few
examples.



582 Bambusi and Giorgilli

(i) Wave equation on a bounded domain K< R”. It is well known
that this is a Hamiltonian system with Hamiltonian function

H] Do) —ulx) du)) d'x

In this case we put #=L*K)x H'(K)3(p,u) (where H' is the usual
Sobolev space), and %, = #; the symplectic form is, as usual,

Q((p1, ur), (p, u)) I=JK [p1(x) u(x) = p(x) us(x)] d"x

It is now an easy matter to check that one has % = H~ ' x L°.

(i) Wave equation on unbounded domains of R”. The Hamiltonian
and the symplectic form are the same as in the previous example. The
major change concerns the definition of the spaces # and %,. The natural
choice for 2 is the space of states with finite energy. However, one has to
remark that, on the one hand, the symplectic form is defined on L?x L?
but, on the other hand, 2 is not contained in L?>x L2 So, the symplectic
form turns out to be only densely defined on Z. One can take for %, the
space CZ of infinitely differentiable functions with compact support. For
more details on a situation of this kind see ref. 9.

(iii) The system of rotators of Section 3. The space # is given by
(3.3), and the symplectic form by (3.5). The space %, can be defined as
o x I, where &/ is the set of the sequences with finite support. Notice that
in this case %, is not dense in #.

We come now to the definition of the domains. With reference to the
symplectic space (2, %,, ), consider first the complexifications 2€ and
FC of # and &, respectively. We consider a domain % < 2, and define its
extension %, ;= € with parameters R >0 and d<1 as the union of open
complex balls B({, R(1 —d)) = 2° of radius R(1 —d) centered at any point
{ of ¢; formally,

Yra=\J) B, R(1—4d))
{e¥
Finally, we characterize the general Hamiltonian systems to which we
shall apply our perturbation scheme. We assume that the Hamiltonian can
be given the form

H() = ho(0) + RO+ f(0) (4.2)

where h,, will be considered as the unperturbed part of the Hamiltonian,
while 4 and f will be considered as perturbations.
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The most important property that we assume for the unperturbed
Hamiltonian 4., is that it gives rise to a periodic flow. This looks like a very
strong hypothesis, in consideration of the fact that one usually considers an
integrable Hamiltonian with a quasiperiodic flow. However, as shown by
Lochak, a quasiperiodic Hamiltonian can be approximated by a periodic
one in virtue of Dirichlet’s theorem on the approximation of irrational
numbers; this makes the periodic case sufficient for our purposes. The
extension to the quasiperiodic case with a finite number of frequencies is
just a technical matter. We also assume some technical hypotheses on 4,
and in particular on the flow generated by it.

A first hypothesis is the following one:

1. The symplectic gradient VA, exists, and generates a continuous
flow @, on #€.

A second group of hypotheses concerns the properties of the smoothness of
the flow @,:

2. (i) The map @, is of class C'(2€, 2°) for every fixed 1; moreover,
denoting by @}({) its differential (with ¢ fixed) at {, we assume (ii)
that @({(P N F) (P F)C and (iii) that the map { — D/({)
is analytic as a map from € to C'(2, #). Finally, (iv) for every
ue(PnF)C, every xe #<, and all te R one has

QP (O)u, L) x) =L2(u, x)

3. The time derivative dd® ({)/dt exists for every (e D, where D is a
dense subset of ¢ which is invariant for @,.

We remark that all these hypotheses are trivially satisfied in the finite-
dimensional case, due to the smoothness and to the periodicity of the
Hamiltonian 4,. In the infinite-dimensional case they could also be
deduced from suitable smoothness hypotheses on A, and its symplectic
gradient. However, we did not try to isolate the best hypotheses needed for
this, since the properties above are actually enough for our purposes.

The fourth hypothesis is nothing but a natural request on the choice
of the domain %:

4. For every d<1 the complex domain % , is invariant for &,.
Finally, we add a last technical hypothesis on the norm of @,:

5. For every teR we have |D/({)[l5 ,=1.

The latter hypothesis could be replaced by ||®;({)], ,»<C for some
positive C.

822/71/3-4-15



584 Bambusi and Giorgilli

We come now to the perturbation. We assume that both A and f are
functions of class C*, and that their symplectic gradients are well defined
and analytjc. Furthermore, we assume that # commutes with h,, namely
that {h,, h} =0. In practice, the relevant property is that # is already in
normal form with respect to 4,,; this is the case, for instance, when 4, and
h represent two separate subsystems interacting through the coupling
term f.

According to the usual perturbation schemes, we first give a theorem
stating that the Hamiltonian can be given a normal form up to an
exponentially small remainder, with explicit quantitative estimates.

Theorem 4.1. On the domain % as above, consider a real Hamiltonian
function H: 4 — R which can be decomposed into the sum of three func-
tions A, h, f as in (4.2), with 4 and f of class C¥(2), and such that
their symplectic gradient is defined for all x€ 4. Assume that the flow &,
generated by 4, is periodic with period T :=2n/w, namely

D, =D, VieR

and that h, satisfies hypotheses 1-5 above. Concerning #, assume that
{h,,, h} =0. Fix a positive parameter R and assume also that V2 and V2f
can be extended to complex analytic functions from % , to Z<, and that
the inequalities

1 - 1
— Sup VROl <wo, 4 Sup [VEf(Ql,<0y
R {e%ro RCE?R,O

hold for some constants w, and w,. Let 0 <d< 1/4 be a positive parameter
and define the pure number

u Ly <M) (4.3)
d w

Then the following statement holds true: if g <1, then there exists an
analytic canonical transformation J: % .; > %ra> With T (% 24) @ Yr 345
such that H-Z has the form

H(T ()= ho(0) + A0+ Z(0) + 2(0) (4.4)
where:

Rl {h,,Z}=0

1
R2. l Sup (V22({) . <3(e+1) uw,exp <— l—;)

{e¥%raa
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R3. For any analytic g: % ,— S, with & a generic Banach space, we
have

2
Sup 12(0) — g(T (O], <O g0 1),

{e¥R d {e%Rd

We use now the normal form Theorem 4.1 in order to bound the
variation of 4, up to exponentially large times. This is given by the
following result.

Corollary 4.2. Under the same hypotheses of Theorem 4.1, and
with the additional assumption that A, can be extended to a complex
analytic function on % 4 the following holds true: along the solutions of
the Cauchy problem of system (4.2), one has

on(e+1)

2 Sup |k, ()] (4.5)
w

{e%rd

for all |¢f| <min(T,, T,), where T, is the escape time of the solution from
the domain % ,,, and
2n 1 1
T,=—— ~
T3P (#)

A stronger form of Theorem 4.1 can be given in case some further
hypotheses on s and f are assumed. In this case, an improved and
qualitatively different formulation of Corollary 4.2 can be obtained. Apart
from aesthetic considerations, this is relevant because we can remove the
analyticity hypothesis on h,, just requiring analyticity for the symplectic
gradient V¥h,,. This improvement, which could seem minor, allows one to
deal with the interesting case of states of infinite energy in the model of
rotators.

Theorem4.3. Consider the Hamiltonian system (4.2) satisfying all
the hypotheses of Theorem 4.1. Assume also that both 4 and f can be
extended to analytic functions on the domain % ,, and that there exist
constants £, and E such that the inequalities

Sup |A(0)| <Ey,  Sup |f(Q)I<E

{e%ry {e%ro

hold. Define the constant

1
E*::max{E,—— O E+en—€9ﬂ
12w+ g d o
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Then, denoting by 7 and 4, respectively, the canonical transformation
and the remainder as in Theorem 4.1, one has the following estimates:

R4, Sup |h,(0)—h (T (D) <2E*

{e%p

RS.  Sup |%(C)I<4eE*exp<—1>
u

{e %R
The corresponding form of Corollary 4.2 is the following.

Corollary 4.4. Under the hypotheses of Theorem 4.3, with the
additional assumption that 0 < d < 1/6 and that that V*A,, can be extended
to a complex analytic function on % 3,4, and that A, is densely defined in
4. Then along the solutions of the Cauchy problem of system (4.2), one has

|A(t) + £ (1) — K0) — £(0)| < 6E* (4.6)

for all |¢| < min(T,, T,), where T, is the escape time of the solution from
the domain % ;,, and

d1 -1 1
T*=§;[— Sup HVQhw(C)H] exp (;)

R le%Dr g

We omit the detailed proof, giving just the essential point. First, one
considers initial data belonging to the domain of 4, which is dense in Z;
this allows one to prove |h,(t)— h,(0) <6E* over the same time interval,
for these initial data. Then, using conservation of energy, one proves (4.6)
for the same set of initial data. Finally, using the density of the domain of
h,, and the continuity of 4+ f on £, one concludes the proof.

5. ABSTRACT TECHNICALITIES

The scheme of the proof of Theorem 4.1 is essentially the same used, in
a finite-dimensional context, in ref. 16 (see also ref. 9). In fact, the scheme
used there is based on a recursive algorithm, equivalent to the Lie trans-
form, to perform canonical transformations and to give the Hamiltonian a
suitable normal form. The algorithm can be efficiently used for quantitative
estimates. One has to introduce norms for functions which dominate the
sup norm, give estimates, in terms of the norms above, for Poisson
brackets and for the solutions of the homological equation (5.12). The
extension to the case of an infinite system requires a clever choice of the
phase space, and so also of the norms, and a careful implementation of
the averaging method in order to give the estimate for the solution of the
homological equation. With these elements, the proof of Theorem 4.1 can
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be achieved by a straightforward application of the scheme of ref. 16. In
view of these remarks, we report here only the original elements of the
proof, namely the choice of the norms, the estimate of the Poisson bracket,
and the estimate of the solution of the homological equation. Concerning
instead the proof of Theorem 4.3, some additional estimates are necessary,
which are reported below in explicit form.

We begin by briefly outlining, at a purely formal level, the precedure
used in order to put in normal form the Hamiltonian (see ref. 20 for more
details). We first recall the method we use in order to perform a canonical
transformation.

We consider a sequence {y,},>; of functions on the phase space 2,
which will be called a “generating sequence,” and define a corresponding
linear operator T, acting on functions by

T,g=Y g (51)

rz0

where
)
go =8, 8= Z ;{Xl’grfl}’ r>1 (52)
I=1

Letting this operator act on the identical function on the phase space, we
obtain a transformation synthetically written as

{=T,0=(T, 1))

This transformation turns out to be canonical, and moreover the following
relevant identity holds®®:

(TN =F(T,L)

We look now for a finite generating sequence y = {,}%_, such that the
transformed Hamiltonian T, H is in normal form up to a small remainder
R, of order r in some small parameter to be determined; precisely, we ask
the transformed Hamiltonian to be of the form

H(T,{) = (T,HY{)=ho(0)+h() + Z() + 27() (5.3)

where Z is in normal form with respect to 4, ic., we have {h,, Z} =0.

_In order to find the equations for y, we denote T, h, =250k,
Tyh=2%z0h,, T,f=Ys0fs and Z=3]_ | Z, with Z, of order s, and
consider h,, h,, and f, of order s, s +'1, and s + 1, respectively. So, equating
terms of the same order in (5.3), we obtain for y, and Z, the following
equations:

{hos ;) +Z;=¥,,  1<s<r (5.4)
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with

V=

" s—ll (55)

WSZh571+Z ;{X[:hsAI}-i_fs—l’ 2<S<r
=1

These equations can be recursively solved, thus giving the generating
sequence .

Before coming to quantitative estimates, we give a proposition on
Poisson brackets.

Proposition 5.1. Let fe C*(#) and ge C*(£) be such that their
symplectic gradients V?f, V% exist and belong to C*(2, #). Then
V9{f, g} exists, belongs to C®(2, #), and satisfies

Ve{f, g} =[V?, V%] (5.6)

Proof. First, we prove that if fe C*(2) is such that its symplectic
gradient is defined for all x € 2, then one has V9f'e C*(2, #). To this end,
consider the map # sx— x | Qe 2P*; due to the definition of the norm
of #, it is an isometry, and, moreover, by axiom (f) it is invertible on its
range. So, its inverse map is a linear continuous map. The differentiability
of V¥f as a map from 2 to & is an immediate consequence of this fact.
So, one has

d( Ly, 8) = L, (dg) (5.7)

where we denoted by %y, the operator of Lie derivative with respect to the
vector field X,=V*“f; the form above coincides with

"?Xf(XgJQ)ZgX/Xg_]Q—{—Xg_IngQ

(for this kind of calculation see ref. 21). Notice that this expression is
meaningful since X,e CY(2, 2)nCY(?, #). Now we show that, if
(i e?nF and { e, then Fy, Q(Ly, £,)=0. Notice first that, using the
definition of derivative, one has

AX _1Q2Y(x)n, &) =2 X'(x)n, &>
VXeCHP, P)NnCHP, F), neP,and LePNF ornePnZ,and (e P,

here we also denoted by <{£; &, ) the value of the form & on the vectors
¢ and 5, and by a prime the derivative of the map. So, we have®"
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ULy Q)(x); €1, $o ) =2 X3 (x) &0, &) + <2581, X (x) &2
= Xp(x) 1, &) = K X (x) 80, €10
=Xy Q) (x)&1; 80 — (X, _19) (x)E25 810
= d(Xy _J)(x); &1, &) =<ddf (x); &1, 6,0 =0

So, since for all xe 2 one has X, (x)e? n Z, it follows that

dif, gy =X, X,]_ 12

From this one immediately gets (5.6). The smoothness statement on
V#{f,g} is an easy consequence of this formula. [

Now we introduce the norms needed in order to complete the scheme
above with quantitative estimates. Given an analytic function g: % ;,— &
(¥ being a Banach space, and %, , the domain defined in Section 4), we
define its norm N,(g) by

N,(g):= Sup |lg(Dlls (58)

{e%pa

If & =C it is useful to define also the norm

N3(g) = ﬁ Sup [V2¢(D)ll (5.9)
{e¥ra

which measures the size of the Hamiltonian vector field generated by g. The
Poisson bracket between two functions is estimated by the following

Lemma 5.2. Let g:%; ,— % be an analytic function on % , and let
g1' %r,0 — C be another analytic function such that Vg, exists, is analytic
as a function from %, , to 2, and satisfies Ny(g,) < oo; then {g. g} is a
analytic on % , and the following inequality holds:

1
Nd({g’gl})<leo(g)NZ(g1) (5.10)

Moreover, if g is such that V?g exists, is analytic from Gra to 2, and
satisfies NY(g)< oo, then V2 {g.g,} exists, Vd'>0 it is analytic as a
function from % ,, , to 2, and it satisfies

Ny (g, gl})< - NY(2)NYy(g,) (5.11)
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Proof. Using the definition (4.1) of Poisson brackets, we immediately
have

1{g g} (Ol o <lig"(OF - IV (Ol »

But, from Cauchy’s inequality (see, e.g., ref. 22) we also have

1
S ! <— S
g;;gd lg" (Ol <Rd.¢el<1£,d gl

and (5.10) immediately follows. In order to obtain (5.11), notice that, by
(5.6), we have

V2{g g1}(x)=[X,, X, 1(x)
= X () X, (%) — X g, (x) X(x)
= {V9%, g} (x)+ {8 V& }(x)
so that the lhs of (5.11) is less than
Nd+d’({vgg> gl}) + Nd+d'({g’ Vggl})

1 1
<R7 NAV9) Ny, 4(81) o7 Ny, (&) Ny(V9g))
From this (5.11) immediately follows. All the analyticity properties are
straightforward. §}

We come now to the estimate of the solution of the homological
equation. Let us bring into evidence a technical element of this estimate.
The idea is to perform an average over a periodic orbit of the unperturbed
system as in refs. 23 and 24. The relevant fact is that such an average can
be performed in an intrinsic manner, without any reference to a coordinate
system. This is particularly useful when studying the neighborhood of
an elliptic equilibrium, for instance, as in the FPU model, where the
unperturbed action—angle variables introduce an annoying singularity.

Lemma 5.3. Let ¥: % ,~C be a C' function such that its sym-
plectic gradient exists and is analytic over % ,. Then, the homological
equation

{ho» 13+ Z(0) = ¥(0) (5.12)
has a solution given by
1 r7
ZQ) =7 @) d
° (5.13)
A0 =], @)~ Z(@ N1 de
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where T is the period of @ in time. The symplectic gradients of y and Z
exist and satisfy

NY(Z)< Ny(¥)

5.14
NY(x) < TNYUP) 14

Proof. Denote g({) := ¥({)— Z({), with Z given by (5.13). Referring

to the domain D of differentiability of @ with respect to time, take (e D,
then we have

d

{hw’ X}(C)=—d—t

_4
ot
1

T d
=7, S @) ds

2(®.0))

t=0

1

7l #@nsds

t=0

T
=g({)

Therefore (5.13) solves (5.12) on D. But it is easy to check that, for any
ge CY(2, C) which admits a symplectic gradient, we have

Ve(go @ )O)=[2UO)17 (V)@ ()

(just use the smoothness hypothesis 2 of Section 4), so that

1 T
—78@OslT 2] s(@.0)
0

1 rT
VQX(C)=;JO [P0~ (VEe) P AL)) 1 d

which is continuous in the argument (. It follows that {h,,y} is
continuous on %, Since the two sides of (5.12) are continuous and
coincide on the dense set D, they coincide everywhere. To obtain the
estimate (5.14), remark that

1.7
IVeZ(0) <?L IL2HOT M- IVEENDPL) dr < Sup [VEP(L)]]

Gr,d

1,7
IV (O] S?L tILDUOT - IVEGNP AL dr

from which the conclusions immediately follow. §
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We give now the following.

Scheme of the Proof of Theorem 4.7. With the choice above of the
norms, and also using the two lemmas above, one can repeat almost
literally the arguments of ref. 16, Sections 6-8 (see also ref. 9). In particular,
one gets an explicit estimate for the generating sequence (see Theorem 6.1
of the above reference) in the form

ﬁlfl
NZ(XJ)ST‘D

with constants § and @ given by

@:271%, B:127t(r—1)cuf+a)0

w d w

Here, r is the order up to which normalization of the Hamiltonian is
carried on. This gives the complete proof of Theorem 4.1. |

We come now to the proof of Theorem 4.3. We need two more
technical estimates. The first one is a straightforward generalization of a
preliminary result already proved, in a slightly different context, in ref. 16.
We give here the statement, which can be easily proved along the lines of
the proof of Lemma 10.3 of the paper above.

Lemma 5.4. Let {y,},., be a generating sequence with
I—1

Nz <ﬂ7 o

and let g be any analytic function; then for the s-th term (s> 1) of the
sequence T, g [see (5.1)] one has

® NN,
Nagr<o(Trp) o (515)

The second technical estimate is given here with a detailed proof.

Lemma 5.5. Define E* as in the statement of Theorem 4.3. Then
we have

Nou(P,) < E* (r%)s‘ (5.16)

where p is defined by (4.3), and r is the order up to which normalization
of the Hamiltonian has been performed.
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Proof. We start from the definition (5.5) of ¥,

., which, following
ref. 16 (see p. 593), can be given the form

v.=f
_ 5.17)
ot s—1 A1 | (
Y. = - —_ b Z
K 1§1S{X152371}+ s {Xs~19h}+sfsfl+shsfl

Then, we look for a sequence #, such that

Ndx(Ts)SEﬂs: S>1

where d; :=d+ (s— 1)d/(r — 1). We shall also use the following notation:

_efD

Uy = d+'8

So, using Egs. (5.10) and (5.15), we obtain for this sequence the inequality
E 1 > Eg

b Ny SRS
d+s a d

soH(r—1) s—1 1
En,< ), (sd E‘pﬂsqﬁl‘l+—S‘d—‘pﬁ”72Eo+;¢ﬂT2

=1
175) s—1
<G T =0 e )|
I=1

Thus, we can define the sequence #, by

=1

7)) s—1 (518)

B=g| =08 e R | 2
=1

The rhs of the last equation can be rewritten, isolating in the sum the term

with /=1, as

¢ s—1 ‘
g[z (r—l)Eﬂl_l’?s1+(V—1)~Ef15_1+uj‘2(E+E0)]
1=2
@ s—2
:E[ﬁ Z (””I)Eﬁlﬁl’?s1~1+H1HS11*2(E+E0)+(r—l)Ens_1:l
=1

D Iz
<.ulE‘r,sfl-+"“—j(r_1)E'ﬂsflSrzl;“;’]sﬁl

which holds for s> 3. Here we used the obvious inequality

ed ed 7
_ —< —_—
d+ﬁ+rd re
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which follows from the definitions above of u, u,, f, and @. So we can
define a majorant #, for the sequence 5, by putting

~ . @ I
711=1’ E”IZ:E(rE—'_EO): ’1s='e-’7371, 323

Then it is easy to check that this sequence is bounded by the rhs of
(5.16). 1

Scheme of the Proof of Theorem 4.3. By following the lines of the
proof of Lemma 11.3 in ref. 16 one immediately gets the estimate

# s—1
Noy(h) < E <r Z)

Using this estimate, the proof of Theorem 4.3 can be easily completed. |

6. PROOF OF THE THEOREM ON THE FPU-TYPE MODEL

The proof of Theorem 2.1 depends on the following steps. The first
step is the definition of the phase space. The second step is the choice of
the domain ¢ in which perturbation theory will be developed; the form of
the domain is strictly related to the form of the Hamiltonian, namely, the
energy of the system: in fact, the domain will be such that, by conservation
of energy, the solution of the equations of motion turns out to be trapped
in it. The third step is the approximation of A* with a function 4, giving
rise to periodic orbits, and the explicit computation of the constants w,,
w;, p. The fourth and final step is the application of Corollary 4.2.

Concerning the phase space, our goal is to characterize 2 as the space
of states with finite energy and corresponding to configurations with fixed
ends. To this end, we start by defining

P=1*xA;3(y, x)

where in the case of finite n, /> and 4} coincide with R”, while in the case
of infinite n, I? is the space of square-summable sequences, and 43 is the
closure of sequences with x, =0 and finite support contained in N* in the
norm
IxlZz = 3 Jx— x4l
izt

To complete the definition of 2, we need to introduce a norm. The natural
choice would be to define the norm of a point { € # as the square root of

n |2 n+11

&) = ’Z ';#Jr _Z Ek-|xj—xjﬁ1|2 (6.1)
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However, it is a better procedure to make use of the linear transformation
(2.4) to normal modes, with new variables p, g. By the way, in the case of
an infinite system this transformation takes the form

A S—

o |2k —m;wF?| m? 4 m32 4 2m,m, cos(28)1"

In terms of these variables we define the norm of a point { as

n/2 n/2
IKI5=3 3(p/ P+ ?lq; 1)+ Y 3(p/ P +@?lg1?)  (62)
I=1 I=1
where o is given by (2.6). We remark that this norm is equivalent to the
norm (6.1) given by the harmonic energy, with equivalence constants
independent of the number n of degrees of freedom; in fact in terms of the
variables p, ¢ the harmonic energy is nothing but

=
N}

&)=

!

(12 + (w7 ) g7 1)

1

I+ ]

and the relation with the norm (6.2) is given by

2m, + m,

)_1@@<c)<ucn2<<1+’;—;) £(0) (63)

In particular, taking into account (2.8) and the hypothesis u < 1, one has

(1+27) 1@ <P <1 +272) (D) (6.4)

Concerning %,, we simply put 4, =4, so that we also have & = 2.
The definition of the domain is almost trivial: the domain % is the
origin, namely ¢ = {0}; the complex extended domain turns out to be

Yro:=B(0, R)

namely the ball (in 2€) centered in 0 and having radius R. We also choose
d=1/4.

Choosing R small enough will ensure that all the orbits with initial
harmonic energy sufficiently small do not escape from % ,,= B(0, R/2) for
all times.

In order to apply the theory of Section 4, we split the Hamiltonian
(2.1) as
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n/2
ho(0) =3 3(p}?+ 0% ?)
I=1
. nf2
W)=Y 3(p/ 2 +o,7%q7)

SO = 1D+ £>(0)

where

n/2

[0 =} 300w)q,?

/=1
n+1

fo(0):= Z (P(Xj_xjfl)

(bw)? =0} ?—w?

Here we used the variables (y, x) or (p, ¢) according to convenience. Due
to our choice of the norm, it is clear that assumption 5 of Theorem 4.1
holds (the differential of the unperturbed flow has norm equal to 1).

The estimate of the constants w, and u relies on a quite elementary
estimate of the symplectic gradient of f,. This estimate is the key step in
order to prove Theorem 2.1, and is reported below in the proof of the
following result.

Lemma 6.1. Using the above notation, we have
NY(f)+NY () <o, NY(h) <o,
with

2Y k
" /m;,

km,

where Y is as in Theorem 2.1; moreover one has

(})f 2(1 +2‘11)

(6.5)

YR o
k3/2

u<192ne |:(1 +2‘“)—+$

Proof. We begin by evaluating the norm of the symplectic gradient
of f,. Notice that the y, component of V£,({) is

P iy x) - 0, )
ax] J+ 7 7 J—
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while its x; components vanish; therefore, using the definition of norm
(6.2), and the equivalence relation (6.4), we have

IVEAOIP< (1+272) (V£(0)

1 /
=142 ") %Y 5o |00 =) = 0" —x)|?
7

J=1
Using |¢'(x)] < T'|x|?, we have

- ]xj’*xj—1’4

IVEAQIP<(1+277)4r? 3

j=1 2m1'
<(1+279) <kni fx;—x; 1|>
<(1+27 “) IiCIIg»

47 2
<(1+27 “)

ny
Concerning f;, we have

Ly kjm,)?
HVQfl(C)HZ Z |5(Dl ql <maX [ [1C“2 ( /(022 Rz
from which the value of w, is easily deduced. The estimate of @, and the

calculation of y are then trivial: just notice that, by (2.9) and by u< 1, we
have @w_,,./(2w)<1/(48¢). |}

With the settings and the lemma above, we can apply Corollary 4.2,
and conclude that |4 (7) —4,(0)| is bounded up to the exponential time
T,, provided the orbit does not escape from the domain % ,,. We show
that R can be determined in such a way that the escape time is actually
infinite, thanks to energy conservation. Indeed, remark that the condition
{ e B(0, R) can be expressed in terms of harmonic energy, because of the
equivalence of the norm ||{| and the harmonic energy &(() stated above.
By conservation of energy, on the one hand one has

1€(0)] <16(0)] + 1 £2(0)] + 1 /()] (6.6)

and on the other hand, one also has |f>(x(£))] < YR*/(3k*?), so that,
by (6.4), we get

R3
332

KOI<A+272) 8 <(1+27P) G+ (1+27 15)
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If the rhs of this expression is less than R?/4, then we certainly have
{(t) € %z 12- So, we obtain the inequality

2YR® R?
(1+271%) 3k3/2—74—+(1+2‘15)£0<0 (6.7)
which has solutions only if
3k 1
b<F YTy T (68)

This is satisfied in view of (2.8). We satisfy also inequality (6.7) by taking
R=[56(1+271%)]17

Inserting this value in (6.5) and using it to estimate the rhs of (4.5), one
concludes the proof of the theorem.

7. PROOF OF THE ANALYTIC THEOREM ON WEAKLY
COUPLED ROTATORS

First remark that our choice of (£, %,, ) (see Sections 3 and 4)
satisfies axioms () and () on the phase space: the proof is straighforward.

Now we prove Theorem 3.2; therefore we fix our attention on the
Hamiltonian (3.7). Our aim is to choose a domain, to give the Hamiltonian
a form suited for the application of Corollary 4.4, and to compute the corre-
sponding constants. After application of the corollary, we shall estimate the
escape time from the domain.

We start with the definition of the domain. Denote

G = P(g/2)"? (7.1)

where f is defined by (3.8); we put

G:={(J,$)e2:h}()<G*}, %= |) &9

te[0, 7]

with AR defined by (3.2); notice that, if G? = 2, this is an unbounded domain,
because no bound is imposed on the norm of the angles (see Section 3).
The domain ¥ is extended in the complex as explained in Section 4, via
another positive parameter R, which will be fixed later (see (7.2)).

Now we split the perturbation into a part which is already in normal
form with respect to the unperturbed system and a remaining part which
will be the actual perturbation. Precisely, we define
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hw('L ¢) = Z CO,J[
leZ
2

M0, 9)i= ¥ Thbe ¥ [1-cos(d— ¢, 1)

leZ I¢ §*

f(#)=e 3 [1—cos(¢)—¢, )]

le S*
where S* is again the set
S*:={ieZ:w,#w; |}

According to our abstract scheme, 4., is the unperturbed system, and #
commutes with it, while f plays the role of the perturbation. This form of
the splitting, in particular for the ¢-dependent terms, is crucial in order to
get a good estimate of the deformation induced by the canonical transfor-
mation. In turn, this will play a fundamental role in controlling the escape
time.

We come now to the computation of the constants. For clarity, we
give the result by stating a few lemmas.

Lemma 7.1. We can choose

" _n* /2 exp[R(2/e)"*]e
T Rﬁ

Proof. The J, component of V¥ is given by

£ Z sin(¢, — ¢, )(0;— ;")

ieS*
where ¢} is the Kroneker symbol; so we have

£

9017 3 5] 5 sintg—d ) 01-50)]
(5 wi-o)

ieS*

& 12
<2—ICXPE2R(2/8) 213

leZ

SE—ieXpDR(Z/e)m] Xty (6—6 )

leZ ie S*

<§—Iexp[2R(2/a)”212n* Y Y L)+ (51T

leZ ieS*

822/71/3-4-16
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where we used Schwartz’s inequality. From the above estimate the thesis
easily follows. |J

The first use of this lemma is in determining the parameter R con-
trolling the size of the complex extension of the domain ¥. Since w, is
proportional to exp[R(2/¢)"?], is is natural to choose R proportional
to €2 For simplicity, we take

R= (%) " (72)

P 1/2
o, =2n%e <}>

_ We come now to the calcglation of Wo- First of all, remark that, since
h commutes with 4, one has (@ ,({)) =h((); from this one easily deduces

so that we get

Sup [[V2A()l| = Sup [V2A()]

{e%ra {edrq

We state now two simple lemmas.

Lemma 7.2. We have

Sup ¢ ), |1 —cos(¢,—¢,_1)l<e (7.3)

Ipl<R 1ez

Proof. Using the Taylor expansion of the cosine, we have

& Z |1 —cos(d,— ¢, 1)l

leZ

1 )
e ) == 2 lgi—d, 1|7
j§1 (2! 1621 A

\sj>1$<§)j[lezzg|¢,-¢,_1|2]j
1 (J2R\Y
a7

which, due to (7.2), is less than the rhs of (7.3). |

A

A
)

=

We remark that, as a byproduct of the proof of this lemma, one also
concludes that Hamiltonian (3.2) is analytic.
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Lemma 7.3. We have

Sup & ¥ |1—COS(¢1—¢11)|<8<%2+2ﬂ+1>

pedro leZ

Proof. Denote for simplicity ¥, :=¢,—¢,., with ¢e% and
a =of—al_,, with a’€ 2, |j«'|| < R. Then compute

ey, |1—cos(y,+a,)l
leZ

=¢ y |1 —cosy,cos o, +siny,sin o
leZ

<e Y [1—cosy, (cos o, —1+ 1)l +¢ Y |siny,sina,

leZ leZ
<e Yy |l—cosy|+e Y, lcosy,l-|1—~cosal
leZ leZ
172 172
+£<Z |sint//,|2> (Z |sincx,|2>
leZ leZ

1/2 1/2
<G2+8+£<Z il—cos21/1,|> (Z |1—cosza,|>

leZ leZ

2\ 127y 12
<G2+8+{1+Ch[R<E> ]} (2e)*G

From this, Using (7.1), the thesis follows. |

We are now able to calculate w,:

Lemma 7.4. We can take
e 1/2
wy =8 (;) (7.4}

Proof. Denote again ¥, :=¢,—¢, ,, now with ¢ € %, ,. We have

2 _ 2 2
VR < 3 Satin g+ ¥ AR 0o sup {1

2 2
leZ leZ 21

2¢° 8¢ < |pi’
<Tz§z [(1 —cos ¥ ,)(1 + cos y,)| +7]§Z ——2—1}—
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but the first term of this sum is less than

2—;Slllp{l1+COSl//l|}8 Y 11—cos |

leZ

12 2
<?f{1+c:h[ze(%) ]}[e(ﬂ—+2ﬁ+lﬂ
1 € 2
2¢ T 5
<7(1+e)§sﬂ
where we used f>1. From this, using Eq. (7.2), the thesis easily

follows. ||

The last lemma gives the values of E, E,, and E*.

Lemma 7.5. We can take
%
E=8n*;,  E,=4ep% E*=(8n*+n—6é>s

Proof. Using the result of Lemma 7.3, one immediately gets the
values of F and E;. The value of E* is obtained by using the trivial
inequality

e\ 1 1
26€2ﬂ <‘I?> <g/.l<g
which follows from the definition (3.9) of i. |

We give now the following result.

Proof of Theorem 3.2. Recall the definitions (7.2) of R and (7.1) of
B. The definition (3.9) of p together with the hypothesis p<1 of the
theorem ensure that the constants w,, w, as given above and the constant
v in the statement of the theorem satisfy the hypotheses of Corollary 4.4.
The straightforward application of the corollary gives the estimate

(1) — ho(0)] < 6¢ <8n* +%ﬁ) (7.5)

for 7| <min(T,, T,). We show now that the choice (3.8) for the parameter
p implies T,> T,. By the definition of f one has /#%({(0)) < G*/2; but by
the conservation of energy we have

RR(L(E) < HR(L0)) + g, (1) — A (0)]
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and so also
2

W) < St (1) — h, O)

Using (7.5), we can bound the rhs of this relation by

G? . 1B
7+68<8I’l +"6—‘)

If this is less than G, then we surely have {(1)e @ < %. So, using (7.2) and
(7.1), we obtain that this is true, provided that j satisfies the inequality

., n*f
- > * gy 0
1 /12<8n o )

which therefore ensures Ty > T, : we replace it by the stronger condition

B> 12n* (7.6)

The choice (3.8) for § satisfies the latter condition. This concludes the proof
of the theorem. ||

8. PROOF OF THE GEOMETRIC THEOREM ON WEAKLY
COUPLED ROTATORS

First, we denote by

. jl jn
(0q,.,@,) = < 7 1)

the frequencies corresponding to the vector J. Then we use the Dirichlet
theorem in order to approximate this set of frequencies with a completely
resonant vector: let ¥ be the maximum among ®,,...,w,, and let 0 =1 be
an arbitrary real number; according to Dirichlet theorem there exist
ki,..k,eN and ge N with ¢ < Q, such that

&
q

v

J <qQ1/(n71)

So, in terms of points of the phase space, we can say that corresponding
to the point J there exists a resonant point (J), 0)e 2 such that (i) the
corresponding unperturbed orbit is periodic, with frequency

V=

(8.1)

=
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and (ii) it is near (J, 0):
1
@m

So, if we denote by [, the difference between the initial datum (J°, ¢°) and
(/, 0) by the triangle inequality we have

(7, 0) = (J, 0)ll o < (mIv*) "2

(RRL(I0, ¢°)— (7, 001} < IRV + (nIvZ)él—/},,—_—l)

It follows that we can apply Theorem 3.2 with v given by (8.1), n* =2n,
and f given by

R 1/2 2\ 12
f :=max {2 [%ﬂ}/ +2\/;<_Iz_> —Q—%,%n}

Here, we still have the free parameter Q; to fix it, we shall use the explicit
expression (3.9) of u as a function of v and f§, and optimize the choice of
0 in order to make u as small as possible. Thus, we calculate

n . 1/2
pn<2°33 [Ql/(\/n——l)+ (26n+f') <%) :|

<2533\/Z[QT(1”_T)+<%+26\/E) ﬂQ] (8.2)

o £ 172 . hR(Cl) 1/2
() r B

Minimizing with respect to Q, we get

n<23 f[<7—+26f> }
Q=[(n—1)<%+26ﬁ>ﬂ]<nlyn

Furthermore, using (3.6), we can estimate § by

B <25/ nit ="

where
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We also have

1/2 ’
||6a)!<|:4\72+ Y (20)]-)2] <4¥(n*)'7

jeS*

Replacing the expressions above for g, f, and [|éw{ in the statement of
Theorem 3.2, we find that the result of Theorem 3.1 easily follows. ||
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